Summary. An upper estimate is given for the least prime q such that (d/q) = 1 and (p/q) = −1, where d = 0 is a given integer and p is a given prime satisfying p ≡ 1 (mod 8) and (d/p) = 1.
In his proof (and the first proof altogether) of the quadratic reciprocity law Gauss applied the following statement:
( * ) For every prime p of the form 8k + 1 there exists a prime q < p satisfying (1) p q = −1.
For p ≡ 1 (mod 4) and q > 2, (1) is equivalent to
and it is a well known problem to estimate the least prime q for which (2) holds. The best unconditional result is due to Burgess [1] :
for every ε > 0 and p > p 0 (ε). We shall improve, at least asymptotically, the statement ( * ) by proving For d = −1, 2 and ε = 1/3 one can take p 0 (d, ε) = 0. The proof of the Theorem is based on three lemmas.
, where the constant in the O-symbol is absolute.
Hence the lemma.
Let ν q (d) be the exact exponent with which the prime q divides d.
Lemma 2. Let d = 0 be a cube free integer and let q 1 , . . . , q k be all distinct prime divisors of d such that
for some x i < 1/2, where the constant in the O-symbol depends on d.
Proof. All q i are odd, because of the condition p ≡ 1 (mod 8). The condition (7) is equivalent to the conjunction of x 2 − dy 2 ≡ 0 (mod p) and
In order to get the estimate we set
if e i = 1,
and apply the Chinese Remainder Theorem together with Lemma 1. We only give the rationale for the formula on x i in case e i = 2, because it is more involved.
β and q i αβ. Then the second of conditions (7) is equivalent to
and for any fixed k ≥ 1,
and finally
which justifies the definition of x i in case (d /q i ) = 1. 
